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It is proved that for every positive integer k, every n-connected graph G of sufficiently
large order contains a setW of k vertices such that G−W is (n−2)-connected. It is shown
that this does not remain true if we add the condition that G(W ) is connected.

Introduction

A graph G is called (n,k)-critical or an (n,k)-graph, if κ(G−W )=n−|W | for
all vertex sets W of G with |W | ≤ k, where κ(H) denotes the connectivity
number of a graph H and n,k are positive integers. It was proved in [13] that
every (n,2)-graph is finite. This means that an infinite, n-connected graph
G contains a set {x,y} of vertices such that G−{x,y} is (n−1)-connected.
It was proved in [16] that an infinite, n-connected graph G even contains an
infinite set of vertices S such that G−S′ is (n−1)-connected for all S′⊆S.
This was generalized further in [20] and [4].
It was also proved in [13] that for every n, there is only a finite number of

(non-isomorphic) (n,3)-graphs. This means that every n-connected graph G
of sufficiently large order contains three vertices x,y,z so that G−{x,y,z} is
(n−2)-connected. We will generalize this in section 2 of the present paper in
the following way: For every positive integer k, every n-connected graph G
of sufficiently large order contains a set W of k vertices such that G−W is
(n−2)-connected. It is shown by examples that for n≥4, we cannot replace
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in this result n−2 with n−1, and it is proved in section 3 that, in general,
we cannot replace W with a connected subgraph W .
One should mention some results with the same tendency. It was conjec-

tured in [17] that for every positive integer k, every 3-connected graph G of
sufficiently large finite order contains a connected subgraphW on k vertices
such that G−V (W ) is 2-connected. This conjecture was known to be true
for k = 2 from [21] and proved for k = 3 in [17] and k = 4 in [7]. Without
the condition of connectivity for W , it was proved for all k in [8]. – It was
proved implicitly (claimed by T. Böhme) in [1] that for each positive integer
k, every maximal planar, 5-connected, finite graph G of sufficiently large
order contains a W ⊆V (G) with |W |=k such that G−W is 4-connected.
We will attach here some general notation, more specific one is introduced

in the next section. A graph G= (V,E) in this paper is always undirected
without multiple edges and loops. Let V (G) and E(G) denote the vertex set
and edge set of G, respectively, and let |G| := |V (G)| and ||G|| := |E(G)|.
The edge between vertices x and y is denoted by [x,y] = [y,x], and for an
F ⊆V (G) or a subgraph F ⊆G,EG(F ) := {[x,y]∈E(G) :x∈F and y /∈F},
where x∈H always means x∈V (H) for a graph H. Whereas, for F,H⊆G,
we define F ∩H := (V (F )∩V (H),E(F )∩E(H)) ⊆G, we write F ∩H = ∅
instead of V (F )∩V (H)=∅ and F ∩S :=V (F )∩S for F ⊆G and S⊆V (G).
For F ⊆G,S :=V (F ), and E′⊆E(G), let F−E′ :=(V (F ),E(F )−E′),G(F ) :=
G(S) be the subgraph induced by S in G, and G−F :=G−S :=G(V (G)−S).
For F ⊆G or F ⊆V (G),NG(F ) :={x∈G−F : there is an [x,y]∈E(G) with
y∈F}, and for x∈G,NG(x) :=NG({x}) (corresponding simplification in the
other notation) and NG(x) :=NG(x)∪{x}. Furthermore, dG(x) := |NG(x)|
is the degree of the vertex x in G,δ(G) is the minimum degree of G, and
let Vk(G) := {x ∈ G : dG(x) = k}. In the notation NG(X),dG(x) etc. we
suppress the subcript, if the graph considered is clear from the context. The
set of components of the graph G is denoted by C(G). Let N,Nk,Z,Zk denote
the set of all positive integers, positive integers at most k, all integers, and
integers modulo k, respectively. Throughout this paper, n denotes a positive
integer.
A path P of length k≥0 is often given in the form P :x0,x1, . . . ,xk by the

vertices successively passed through, but always considered as a subgraph;
P is called an x0,xk-path, and x1, . . . ,xk−1 are the interior vertices of P .
A path and a circuit of length k are denoted by Pk and Ck, respectively,
and P∞ denotes a two-way infinite path, i.e. a 2-regular tree. The graph Sn

arises from the complete graph K2n+2 on 2n+2 vertices by deletion of the
edges of a 1-factor of K2n+2. For graphs G and H,G[H] is defined in the
following way: Take copies Hx of H for all x∈G such that Hx∩Hy= ∅ for
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all vertices x 
= y from G. Then G[H] arises from
⋃

x∈G

Hx by addition of all

edges
⋃

[x,y]∈E(G)

{[u,v] : u ∈Hx and v ∈Hy}. – Similarly, G+H arises from

the union of disjoint copies G′ of G and H ′ of H by addition of the edges
{[u,v] :u∈G′ and v∈H ′}.

1. Preliminary results

First some connectivity concepts. A system of x,y-paths is openly disjoint,
if the paths are different and have pairwise no interior vertices in common.
For x∈G and X ⊆V (G−x), an x,X-path is an x,y-path for a y∈X with
no interior vertex in X and an x,X-fan of order n consists of n x,X-paths
which have pairwise only x in common. The maximum number of paths
in a system of openly disjoint x,y-paths in G is called local connectivity of
x and y in G and denoted by κ(x,y;G). The connectivity number κ(G) of
G is min

x �=y
κ(x,y;G), and supplementary κ(Km) =m−1 for all non-negative

integers m. In general, κ(G) may be any cardinal number, but we will be
interested only in graphs with finite connectivity number. A well known
result of K. Menger says that for non-adjacent vertices x 
=y in G,κ(x,y;G)
is the minimum of |T | for all T ⊆ V (G− {x,y}) such that x and y are
in different components of G− T (see, for instance, section 3.3 in [2]). A
theorem of H. Whitney (”global version of Menger’s theorem” in [2]) states
κ(G) :=min{|T | :T ⊆V (G) with G−T unconnected } for all non-complete G.
Such a set T ⊆V (G) with G−T unconnected is called a separating set of G
and a separating set T of G with |T |=κ(G) is a smallest separating set of G.
A union

⋃
C∈C′

C for a non-empty, proper C′⊆C(G−T ) where T is a smallest

separating set of G is called a fragment of G. More exactly, it is called a
T -fragment, and it is a fragment of G at t∈G, if it is a T -fragment for a T
containing t. If F :=

⋃
C∈C′

C is a T -fragment, then also F :=
⋃

C∈C(G−T )−C′
C is

a T -fragment. If a graph G has a finite fragment, a fragment of least vertex
number is called an atom of G. We need some properties of fragments which
have been proved in different papers, but mostly only for finite graphs. It is
no problem to see that their proofs work also for infinite graphs with finite
connectivity number.

Lemma 1.1 (Lemma 1 in [13] and Theorem 1 in [10] and [15]). Let
G be a graph of finite connectivity number n.
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(a) If C is an S-fragment and D is a T -fragment of G with C∩D 
=∅, then
|S∩D|≥|T∩C| holds. If, in addition, C∩D 
=∅, then C∩D is an R-fragment
of G for the smallest separating set R :=(S∩D)∪(S∩T )∪(T ∩C).
(b) If A is an atom of G and if there is a smallest separating set T of G

with T ∩A 
=∅, then V (A)⊆T and |A|≤ 1
2 |T −NG(A)|= n−|T∩NG(A)|

2 hold.

A graph G is n-connected, if κ(G) ≥ n, and it is called minimally n-
connected or n-minimal, if G is n-connected, but G− e is not n-connected
for all e∈E(G). R. Halin proved in [3] that every finite n-minimal graph has
a vertex of degree n. This is immediately implied by the following property
of a circuit in an n-connected graph.

Theorem 1.2 (Satz 1 in [12]). If C is a circuit in the n-connected graph
G, then there is an e∈E(C) with κ(G−e)≥n or an x∈V (C) with dG(x)=n.

Corollary 1.3 ([12]). In every n-minimal graph G,G−Vn(G) is a forest.

For the next result we need a generalization of (n,k)-criticality. A graph
G is W -locally (n,k)-critical for a W ⊆ V (G) and positive integers n,k, if
W ∩F 
= ∅ for all fragments F of G and κ(G−W ′) = n− |W ′| for every
W ′ ⊆W with |W ′| ≤ k hold. So for W = V (G), we get back the concept of
an (n,k)-graph. The following result was proved by T. Jordán in [5] only
for W -locally (n,k)-critical, finite graphs, but the proof remains true for W
finite.

Theorem 1.4 (Corollary 4 in [5]). If G is a W -locally (n,k)-critical,
non-complete graph with 2k≥ n and W finite, then G has 2k+2 pairwise
disjoint fragments.

Theorem 1.4 is not true for infinite W , in general, as the (n,1)-graph
P∞[Kn] for n=1,2 shows. But it can be proved in the same way as Corollary
1 in [13] (conf. also Lemma 3.9) that there are no W -locally (n,2)-critical
graphs with W infinite.

2. n-connected graphs of large order

In this section we deal only with finite graphs, unless otherwise stated
explicitly. We will prove that every n-connected graph G of sufficiently large
order contains a vertex set B of prescribed size so that G−B is (n− 2)-
connected.
The first lemma generalizes Theorem 2 of [11] and has more or less the

same proof.
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Lemma 2.1. If G is a minimally n-connected, finite graph with n≥2 and
W ⊆V (G), then

|W ∩ Vn(G)| ≥
n− 1
2n− 1

(
|W | − n|NG(W )| − 2

n− 1

)

holds.

Proof. Let e′ := |{[x,y]∈E(G(W ∪N(W ))) :dG(x)>n and dG(y)>n}| and
e′′ := |{[x,y] ∈E(G(W ∪N(W ))) : dG(x)>n and dG(y) = n}|. Furthermore,
set b := |NG(W )|, bn := |Vn(G)∩N(W )|,w := |W |, and wn := |Vn(G)∩W |.
Since by Corollary 1.3 e′≤w−wn+b−bn−1 and, obviously, e′′≤n(wn+bn),
we get

(α) 2e′+e′′ ≤ 2w+(n−2)wn+2(b−bn)+nbn−2 ≤ 2w+(n−2)wn+nb−2.

On the other side, obviously,

(β) 2e′ + e′′ ≥ (n+ 1)(w − wn)

holds. But (α) and (β) imply (2n−1)wn≥(n−1)w−(nb−2).
Admitting only paths of bounded interior degree, we define a distance

dependent on a real number m. For vertices x,y of a finite or infinite graph
G and a real m or m = ∞, we define d

(m)
G (x,y) := min{||P || : Px,y-path

in G with dG(z) ≤ m for all interior vertices z of P}, if there is such a
path, and d

(m)
G (x,y) := ∞, if there is none. Then d

(m)
G (x,y) is symmetric

and d
(m)
G (x,y) = 0, if and only if x = y, but the triangle inequality is not

true, in general. For k ≤ m, we have always d
(k)
G (x,y) ≥ d

(m)
G (x,y) and for

m=∞, we get the usual metric dG(x,y) := d∞G (x,y). For a real number r
and x∈G, we define B(m)

r (x) :={y∈G :d(m)
G (x,y)≤r}. So B(m)

0 (x)={x} and
B

(m)
1 (x)=NG(x) for all m, and for k≤m,B

(k)
r (x)⊆B

(m)
r (x) holds for x∈G

and every integer r. Of course, these concepts depend only on �m� and �r�,
but it seems convenient in the following to admit any reals. The following
upper bound for |B(m)

r (x)| is proved as usual.

Lemma 2.2. For all reals r ≥ 1 and m> 2, |B(m)
r (x)| ≤ 1+ dG(x)

(m−1)r−1
m−2

holds for all vertices x of a finite or infinite graph G.

Proof. Obviously, |B(m)
r (x)| = |B(	m
)

	r
 (x)| ≤ 1+ dG(x)+ dG(x)(�m�− 1)+
. . .+ dG(x)(�m� − 1)	r
−1 ≤ 1 + dG(x)(1 + (m− 1) + . . .+ (m− 1)	r
−1) ≤
1+dG(x)

(m−1)r−1
m−2 .

The next lemma provides the induction step in our proof.
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Lemma 2.3. Let G be an n-minimal, finite graph and let B⊆Vn(G) with
κ(G−B)=n−2. If F is a fragment of G−B with |F |> 2n−1

n−1 n|B| (m−1)r−1
m−2 +

n(|B|+n−2)−2
n−1 for some reals r≥ 1 and m> 2, then there is a z ∈F ∩Vn(G)

with d
(m)
G (z,b)>r for all b∈B.

Proof. By Lemma 2.2 we have |B(m)
r (b)|≤1+n (m−1)r−1

m−2 for all b∈B, hence

|F ∩
⋃
b∈B

B(m)
r (b)| ≤ |B|n(m−1)r−1

m−2 . Since κ(G−B) = n− 2,n≥ 2 follows.

Then Lemma 2.1 and the assumption on F imply |F ∩Vn(G)|≥ n−1
2n−1 (|F |−

n(|B|+n−2)−2
n−1 )>n|B| (m−1)r−1

m−2 . Hence there is a z∈(F∩Vn(G))−
⋃
b∈B

B(m)
r (b).

Remark 2.4. The inequality for F in Lemma 2.3 is satisfied, if |F | ≥
3m(m−1)r,m> |B|+ 3

2(n−2), and n≥3, as easily checked.

Using Lemma 2.1 forW =V (G) and Lemma 2.2, the proof of the following
lemma is obvious and left to the reader.

Lemma 2.5. If v1, . . . ,vk are vertices of degree n in an n-minimal, finite

graph G with |G|> 2n−1
n−1 (k+kn (m−1)r−1

m−2 )− 2
n−1 for integers n≥2,k≥0 and

reals m>2 and r≥1, then there is a v∈Vn(G) with d
(m)
G (v,vκ)>r for all κ∈

Nk. In particular, every n-minimal graph G with |G|> 2n−1
n−1 (k+kn (m−1)r−1

m−2 )

contains aW ⊆Vn(G) with |W |=k+1 such that d(m)
G (w,w′)>r for all w 
=w′

from W .

Let fn(k,m,r) := 2n−1
n−1 nk (m−1)r−1

m−2 + n(k+n−2)−2
n−1 for m > 2,n ≥ 2, and

k,r≥1, denote the function occurring in Lemma 2.3. Obviously, fn(k,m,r)>
2nkmax{�r�,m} >max{r,m} for r≥2. We prove now our main result.

Theorem 2.6. For every positive integers n≥ 2 and k, there is an integer
hn(k) such that every n-minimal, finite graph G with |G| ≥hn(k) contains
an independent W ⊆Vn(G) with |W |=k+1 so that κ(G−W )≥n−2 holds.

Proof. Since, by Lemma 2.1 (or Theorem 2 in [11]), Vn(G) becomes ar-
bitrarily large for n-minimal graphs G with n ≥ 2, if |G| is large enough,
we may assume n≥ 3 and k ≥ 2. We define now reals ak and ai, mi,ri for
i=k−1, . . . ,1, which guarantee that having chosen a specified setW ′⊆Vn(G)
with |W ′|= i, an atom of G−W ′ is still larger than ai (if κ(G−W ′)=n−2).
We set ak := 2n−1

n−1 nk+ n(n+k−2)−2
n−1 >4n+3 and recursively for i=k−1, . . . ,1,

we define mi := ai+1+n+ i− 2,ri := ai+1+1 and ai := fn(i,mi,ri). Since
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fn(i,m,r)>max{m,r} for m>2 and r≥2, we conclude ai >mi >ri>ai+1,
hence aj >ai >ak,mj >mi, and rj >ri for all j < i<k. We prove now that
every hn(k)> 2n−1

n−1 k+ka1 has the claimed property.
Let G be an n-minimal graph with |G|> 2n−1

n−1 k+ ka1. Since there is a

W ′ ⊆ Vn(G) with |W ′|= k+1 and d
(m1)
G (w,w′)>r1 for all w 
=w′ from W ′

by Lemma 2.5, we can find vertices w0,w1, . . . ,wi0 of degree n for an i0≥1
with d

(m1)
G (wj ,wl)>r1 for 0≤j<l≤ i0 and κ(G−{w0,w1, . . . ,wi0−1})≥n−1,

but κ(G−{w0,w1, . . . ,wi0})=n−2 or i0≥k. Since r1≥1, no wj and wl are
adjacent in G and we would be done in case i0≥k. So we may assume i0<k.
Sincemi0 ≤m1 and ri0 ≤r1, also d

(mi0
)

G (wi,wj)>ri0 holds for all 0≤ i<j≤ i0.
We enlarge now the set {w0, . . . ,wi0} to an independent set of k+1 verticesW
with κ(G−W )≥n−2 by induction. So we may assume that we have found for
an i with i0≤ i<k vertices w0,w1, . . . ,wi of degree n with d

(mi)
G (wj ,wl)>ri

for all 0≤j<l≤ i and κ(G−{w0, . . . ,wi})=n−2. Let us consider an atom A
of G′ :=G−{w0, . . . ,wi}. Since κ(G)=n, but κ(G′)=n−2, there are at least
two vertices wj ,wl ∈NG(A)∩{wo, . . . ,wi}. Let us suppose |A|≤ai+1. Then
dG(x)≤|A|−1+n−2+i+1≤ai+1+n+i−2=mi for all x∈A, hence d(mi)

G (wj ,wl)≤
|A|+1≤ ri, a contradiction to the assumption on wo,w1, . . . ,wi. So we get

|A|>ai+1. If i+1= k, there is a vertex wk ∈ (A−
k−1⋃
j=0

NG(wj))∩Vn(G), by

definition of ak and by Lemma 2.3 for r = 1 and any m > 2. If i+1 < k,
then |A|>fn(i+1,mi+1,ri+1) and by Lemma 2.3 there is a wi+1∈Vn(G)∩A

with d
(mi+1)
G (wi+1,wj) > ri+1 for all 0 ≤ j ≤ i. Since A is an atom of G′

with |A| > ai+1 > n−2
2 ,κ(G′ − x) = n− 2 for all x ∈ A by Lemma 1.1(b).

Since ri+1 ≥ 1 and ri+1 <ri and mi+1 <mi, we have found an independent
set W ′′ := {w0,w1, . . . ,wi,wi+1} ⊆ Vn(G) with d

(mi+1)
G (wj ,wl) > ri+1 for all

0≤j<l≤ i+1 and κ(G−W ′′)=n−2. This completes the proof by induction.

Remark 2.7. The statement of Theorem 2.6 with κ(G−W )=n−2 instead
of κ(G−W )≥ n− 2 is not true, as the complete bipartite graphs Kn,n+m

show. Theorem 2.6 is not true for n=1, since a 1-minimal graph, i.e. a tree,
does not necessarily have more than two vertices of degree 1.

Since every n-connected, finite graph contains an n-minimal spanning
subgraph, Theorem 2.6 immediately implies:

Corollary 2.8. For all positive integers n and k, there is an integer hn(k)
such that every n-connected, finite graph G with |G| ≥ hn(k) contains a
W ⊆V (G) with |W |=k+1 so that κ(G−W )≥n−2 holds.
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As mentioned in the introduction, for n=3, a stronger result than Corol-
lary 2.8 was proved in [8] with n−1 instead of n−2, and of course, this is
also true for n≤ 2. But the next example shows that for all n≥ 4 and all
k∈N,n−2 is best possible.

Example 2.9. First let n be even, say, n=2p with p≥2 and let m∈N with
m > n. Then the graph Hm(n) := (Zm,{[i, i+ j] : i ∈ Zm and j = 1, . . . ,p})
is n-regular and (n,2)-critical (see [13]). Consider W ⊆ Zm with |W | ≥ 2
and set R :=Hm(n)−W . If δ(R)≥ n−1, then for every i∈W , {i+ j : j =
±1, . . . ,±p}∩W =∅, since p≥2. But this implies easily κ(R)≤n−2.
For odd n≥5, the graphs Hm(n) :=K1+Hm(n−1) are n-minimal (n,2)-

graphs with κ(Hm(n)−W )≤n−2 for all W ⊆V (Hm(n)) with |W |≥2.

The function hn constructed in the proof of Theorem 2.6 grows rapidly,
but I am in doubt, if this is really necessary. Perhaps hn(k) can be taken
even linear in k.

3. k-con-critical graphs

In this section we will consider the question, what of Theorem 2.6 remains
true, if we search for a connected subgraphW instead of an independent set
W . This suggests to consider the following concept.
Definition 3.1. A graph G is called k-con-critically n-connected, (n,k)c-
critical or (n,k)c-graph for a non-negative integer k, if κ(G−V (W ))=n−|W |
for every connected subgraph W ⊆G with |W |≤k. A k-con-critical graph is
an (n,k)c-graph for some n.

For an (n,k)c-graph G we get, in particular, κ(G) = n for W empty.
Of course, every (n,k)-graph is also an (n,k)c-graph and a k-con-critical
graph is k′-con-critical for all non-negative integers k′≤k. For k=2, we get
back the concept of a contraction-critical n-connected graph, i.e. a graph
of connectivity number n such that contracting any edge the connectivity
number decreases. Since every n-regular, n-connected graph, where every
edge is in a triangle, is contraction-critical, it is easy to see (and well known)
that for all n≥ 4, there are (n,2)c-graphs which are not (n,2)-graphs. (For
n=4, one can use Theorems 7 and 8 from [14].) It was proved in [18] that
Kn+1 is the only finite (n,k)-graph with k> n

2 . An easier proof of this result
was given in [5] using Theorem 1.4. One can use this result in the same way
to show the following corollary of Theorem 1.4.

Corollary 3.2. There is no finite non-complete (n,k)c-graph with k> n
2 .
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Proof. We may assume k≥2 and that such a graph G is n-minimal. Let us
consider a vertex z with dG(z)=n (existence by [3] or 2.1). Then, obviously,
forW :=NG(z),G−z would be a non-completeW -locally (n−1,k−1)-critical
graph with 2(k−1)≥n−1, since every fragment F of G−z has F∩N(z) 
=∅.
This contradicts Theorem 1.4, since |W |= |N(z)|=n<2k.

(Notice that for n = 3, this is the well known consequence of Tutte’s
construction of 3-connected graphs [21] that every finite, 3-connected graph
G with |G|≥5 has a ”contractible edge”. See also [19].)
In the preceding paragraphs, we have not found essentially different fea-

tures of the two concepts (n,k)-critical and (n,k)c-critical. But in the con-
text we are interested in, there are some. It was proved in [13] that for every
n there are only finitely many (n,3)-graphs. In the following, we will con-
struct for n large enough infinitely many (n,3)c-graphs. This shows that in
Theorem 2.6 we cannot replace ”independent” with ”connected”: For every
n≥18, there are n-connected, finite graphs G of arbitrarily large order which
do not contain a connected subgraph W with |W |=3 and κ(G−V (W ))≥n−2.
For this construction, the following concept is convenient.

Definition 3.3. A graph G has property Pk, if for every path Pk′ ⊆G with
k′≤k, there is a vertex x∈G with V (Pk′)⊆NG(x).

If G has Pk, for every Pk′ ⊆G with k′≤k there is a Pk⊆G with Pk′ ⊆Pk.
Of course, every n-regular, n-connected graph with P2 is an (n,3)c-graph,
and n ≥ 3 holds. So we will try to construct such graphs with arbitrarily
large finite order.

Example 3.4. (a) If G is a graph without isolated vertices, then G[Ks] has
property P2 for s≥2.
(b) If G and H are graphs without isolated vertices, then G+H has

property P2.

For graphs G, H, and a subgraph F ⊆G, we define now a graph G�H�F .
For every x∈G, let Hx be a copy of H so that V (Hx)∩V (Hy)=∅ for x 
=y.
Let vx be the vertex of Hx corresponding to v ∈H, and for U ⊆ V (H) we
define Ux :={ux :u∈U}. The graph G�H�F arises from

⋃
x∈G

Hx by addition

of all edges {[vx,wy] : [x,y] ∈E(G) and [v,w] ∈E(H)} and {[vx,vy] : v ∈H
and [x,y]∈E(F )}.
For the construction of infinitely many finite (n,3)c-graphs we need the

next lemmata. Please, notice that H and G may be infinite there, but n and
k are positive integers.
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Lemma 3.5. If H has property P2, then G�H�F has also property P2 for
all G and F ⊆G.

Proof. Let P :ux,vy,wz be a path of length 2 inG′ :=G�H�F with u,v,w∈H
and x,y,z∈G. By definition of G′, we have u,w∈NH(v). Since H has P2,
there is a z ∈ H with u,v,w ∈ NH(z). This implies V (P ) ⊆ NG′(zy) by
definition of G′.

Lemma 3.6. Let H be an n-regular graph with κ(H) > n
2 , let G be a k-

regular, k-connected graph for an integer k with |G| > 2k ≥ 4, and let F
be a k′-factor of G for a non-negative integer k′. If n−κ(H)+ k′ ≤ k and
k|H|≥(k+1)n+k′=:r, then G�H�F is an r-regular, r-connected graph.

Proof. It is obvious, that G′ :=G�H�F is regular of degree r :=(k+1)n+k′.
First, we show that non-adjacent vertices of each ”layer” Hx are r-connected
in G′.
(α) For every x ∈ G and all non-adjacent ux 
= vx in Hx,κ(ux,vx;G′) = r
holds.

Proof of (α). Abbreviating κ0 := κ(u,v;H) ≥ κ(H), there are κ0 openly
disjoint u,v-paths P1, . . . ,Pκ0 in H. Of course, we may assume |N(u)∩Pi|=

|N(v)∩Pi|=1 for all i=1, . . . ,κ0. Hence, the sets U :=N(u)−
κ0⋃
i=1

V (Pi) and

V :=N(v)−
κ0⋃
i=1

V (Pi) have exactly d := n−κ0 vertices and are disjoint by

definition of κ0. If we take the corresponding ux,vx-paths inHx and for every
y ∈NG(x) the corresponding ux,vx-paths ”through Hy”, we get altogether
(k+1)κ0 openly disjoint ux,vx-paths in G′.
We have to find further (k+1)d+ k′ openly disjoint ux,vx-paths in G′

which are also openly disjoint to the paths constructed above. For this, we
plan to go from ux over Uy and possibly over an edge [ux,uy] or a path
ux,wx,uy with w ∈ U to Hy for y ∈NG(x), and continue then from Hy to
an Hzy for a zy ∈NG(y)−{x}, so that all these paths do not intersect each
other internally.
By assumption, |G−NG(x)| ≥ k. So, by Menger’s Theorem, we find k

disjoint edges [y,zy]∈E(G−x) for y∈N(x). Since U :=U ∪{u} has exactly
d+1≤ n vertices, it is no problem to find a set U(y)⊆ V (Hzy) such that
G′(U y∪U(y))−(E(G′(U y))∪E(G′(U(y)))) has a 1-factor Fy. Since |U |=d≤
k−k′ by assumption, there is an injective function f :U→NG−F (x).Consider
now any y∈NG(x). If y∈NF (x), then there is a ux,U (y)-fan of order d+1
over Uy and Fy. If y∈NG−F (x) and y= f(w) for a w∈U , we take again a
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ux,U (y)-fan of order d+1 over Uy and Fy, where one path begins ux,wx,uy.
If y ∈NG−F (x)− f(U), we take a ux,U(y)-fan of order d over Uy and Fy.
Starting from vx in an analogous way, we can find a set V (y) ⊆ V (Hzy),
an injective function g : V → NG−F (x) satisfying the additional condition
f(U)=g(V ), and a vx,V (y)-fan of the same order d+1 or d as the ux,U(y)-
fan above.
Since κ(H) ≥ n+1−κ(H) ≥ n+1−κ0 = d+1, by a well known form

of Menger’s Theorem, we can close the above ux,U(y)-paths and vx,V (y)-
paths by disjoint paths in Hzy to get d+1 or d openly disjoint ux,vx-paths,
respectively. If we take these ux,vx-paths for every y ∈N(x), we get kd+
k′+d openly disjoint ux,vx-paths altogether. Since these paths are openly
disjoint to the paths constructed in the first paragraph of this proof, we get
κ(ux,vx;G′)≥(k+1)κ0+(k+1)d+k′=(k+1)n+k′.

Let us suppose that G′ is not r-connected. Then (by the global version of
Menger’s Theorem) there is a T ⊆V (G′) separating G′ with |T |=κ(G′)<r.
We deduce some properties.
(β) If there are C1 
=C2 in C(G′−T ) with Ci∩Hxi 
=∅ for an edge [x1,x2]∈
E(G), then |T ∩Hxi |≥n for i=1,2 and |T ∩ (Hx1 ∪Hx2)|≥ |H|. If [x1,x2]∈
E(F ), then even |T ∩Hxi |≥n+1 holds for i=1,2.
Proof of (β). Since C1 ∩Hx2 = ∅ by (α) and |NG′(c)∩Hx2 | ≥ n for c ∈
C1∩Hx1 
=∅, we see |T∩Hx2|≥n. If [x1,x2]∈E(F ), then |NG′(c)∩Hx2 |≥n+1,
hence even |T ∩Hx2|≥n+1.
Consider a zx1 ∈C1∩Hx1 which has a neighbour in C1∩Hx1, say, wx1 . This

implies zx2 ∈NG′(wx1), hence zx2 ∈T by (α). Let C0 := {zx1 ∈C1∩Hx1 : zx1

isolated in C1 ∩Hx1}. Then N :=NHx1
(C0) ⊆ T , hence Nx2 := {zx2 : zx1 ∈

N}⊆T . Since H is n-regular, we have n|C0|≤n|N |, hence |Nx2 |= |N |≥|C0|.
Since V (Hx1)−V (C1)⊆T by (α) and since Nx2∩{zx2 :zx1 ∈C1∩Hx1}=∅, we
get |T∩(Hx1∪Hx2)|≥|Hx1−V (C1)|+|Nx2 |+|V (C1∩Hx1)−C0|≥|Hx1|= |H|.

(γ) If T ∩Hx 
=∅, then |T ∩Hx|≥n.

Proof of (γ). Assume T ∩Hx 
= ∅. We may assume that there is a C ∈
C(G′−T ) with C∩Hx 
=∅, since |Hx|>n. Since for every t∈T , NG′(t)∩C ′ 
=∅
for all C ′ ∈ C(G′−T ), there must be an [x,y]∈E(G) and a C ′ ∈ C(G′−T )
different from C with C ′∩Hy 
=∅ by (α). Now (β) implies |T ∩Hx|≥n.

If T ∩Hx 
= ∅ for all x∈G, we get easily the contradiction |T |=
∑
x∈G

|T ∩

Hx|≥|G|n≥(2k+1)n≥(k+1)n+k′=r by (γ) and assumptions on |G| and
k′. Hence, there is an Hx and a Cx∈C(G′−T ) with Hx⊆Cx. Of course, there
are a y∈G−x and a Cy∈C(G′−T )−{Cx} with Cy∩Hy 
=∅. Since Hx⊆Cx,
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we have V (Hz)⊆V (Cx)∪T for all z∈N(x). So x and y are non-adjacent in
G. Since G is k-connected, there are k openly disjoint x,y-paths P1, . . . ,Pk

in G. Starting from x, there is a first yj ∈Pj with Hyj ∩Cx = ∅ by (α) for
j=1, . . . ,k. Since yj 
=x, the predecessor xj of yj on Pj exists for j=1, . . . ,k.
Then Hxj ∩Cx 
=∅ by definition of yj. We distinguish 3 cases.
(i) If xj=x, then yj 
=y and V (Hyj )⊆T .

Since we have seen above V (Hz)⊆V (Cx)∪T for all z∈N(x),V (Hyj)⊆T
and yj 
=y by definition of yj and y.
(ii) If xj 
=x and yj 
=y, then |T ∩(Hxj ∪Hyj)|≥|H|.
If V (Hyj)⊆T , this is obvious. If V (Hyj) 
⊆T , there is a C∈C(G′−T ) with

C∩Hyj 
=∅. By choice of Hyj , then C 
=Cx, and we get |T∩(Hxj∪Hyj)|≥|H|
by (β).
(iii) If yj=y, then xj 
=x and |Hxj∩T |≥n. If, in addition, [xj,yj ]∈E(F ),

even |Hxj ∩T |≥n+1 holds.
Since x and y are non-adjacent (see (i)), xj 
=x is obvious. The remainder

follows from (β).
If (i) or (ii) occurs for an j ∈ Nk, then |T ∩

⋃
z∈Pj−{x,y}

Hz| ≥ |H|. Hence,

(i) and (ii) cannot occur for all j = 1, . . . ,k, since, otherwise |T | ≥
k∑

j=1

|T ∩
⋃

z∈Pj−{x,y}
Hz| ≥ k|H| ≥ r by assumption on |H|. Hence (iii) occurs at least

once, and |T ∩Hy| ≥ n by (β). If the last edge of Pj belongs to F , we get
|T∩

⋃
z∈Pj−{x,y}

Hz|≥n+1 by (i), (ii) or (iii). If the last edge of Pj is not in F ,

we get only |T ∩
⋃

z∈Pj−{x,y}
Hz|≥n. Since every edge [z,y]∈F is in a Pj , we

conclude |T |≥|T ∩Hy|+
k∑

j=1

|T ∩
⋃

z∈Pj−{x,y}
Hz|≥n+k′(n+1)+(k−k′)n=r.

This contradiction proves Lemma 3.6.

Now we apply the last two lemmata to construct infinitely many (n,3)c-
graphs for almost all n.

Proposition 3.7. There are infinitely many finite (n,3)c-graphs for n =
12,15,16 and all n≥18.

Proof. It is easy to find infinitely many finite, k-regular, k-connected graphs
for every k≥2, which have a k′-factor for every non-negative integer k′≤k.
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(For instance, one can take the graphs ({a1, . . . ,am, b1, . . . , bm},{[ai, bi+j ] :
j∈Nk}) for every m≥k, where the indices are considered modulo m.)
For H =K4, the conditions of Lemma 3.6 for k and k′ are satisfied, if

k′ ≤ k and 4k≥ 3(k+1)+k′ hold, i.e. if k≥ 3+k′ holds. Since K4 has P2,
Lemmas 3.5 and 3.6 provide an infinite series of finite (3(k+1)+k′,3)c-graphs
for all non-negative integers k,k′ with k≥k′+3. Therefore, the existence of
infinitely many (n,3)c-graphs follows for n=12,15,16 and all n≥18.

There are also many other examples of large (n,3)c-graphs for most of the
values n above, using in Lemmas 3.5 and 3.6, for instance, H=Cm+Cm,H=
Cm[K2] or H = T [K2] with a 3-regular, 3-connected graph T with |T | ≥ 6.
But I could not decide, if there is an infinite series of finite (n,3)c-graphs for
any other value n≥6 than the values n in Proposition 3.7. Perhaps, n=12
is the least n, for which such a series exists.
For n≤ 5, the only finite (n,3)c-graph is Kn+1 by Corollary 3.2. I have

checked that the only 6-regular, 6-connected graphs with P2 are K7 and
S3. This together with Corollary 3.2 suggest the conjecture that Sn is also
the only non-complete (2n,n)c-graph for n ≥ 3, as conjectured for (2n,n)-
graphs in [13] and proved for n ≤ 6 in [6] and [9]. But, at the moment, I
cannot exclude that there are infinitely many finite (6,3)c-graphs or infinite
(6,3)c-graphs.
I have not succeeded in constructing an infinite series of (n,4)c-graphs for

any n. A similar construction as for (n,3)c-graphs cannot work for (n,4)c-
graphs. If G is a connected graph with the property that for every connected
subgraph W ⊆ G with |W | = 4, there is a vertex z ∈ G of degree n with
V (W )⊆NG(z), then G has diameter at most 2 and |G|≤1+n+n2. Since all
known (n,3)-graphs of relatively large order have the corresponding prop-
erty, I conjecture that for every n, there is only a finite number of (n,4)c-
graphs. In the following, we will show that the number of (n,7)c-graphs is
bounded by a function in n. But first we turn to infinite (n,k)c-graphs.
It was proved in [13] that every (n,2)-graph is finite. In Example VII

in [15], an infinite (2,2)c-graph was pointed out. In a similar way, one can
construct infinite (n,2)c- graphs for every n≥2.

Example 3.8. For any n≥2, let Tn+1 be the (n+1)-regular tree. Let Kx be
a complete graph on n+1 vertices for every x∈Tn+1 such that Kx∩Ky=∅
for x 
=y. For every x∈Tn+1, let fx :ET (x)→V (Kx) be a bijective function.
Then the graph Gn arises from

⋃
x∈Tn+1

Kx by identifying Kx−{fx(e)} in any

bijective manner with Ky−{fy(e)} for every e=[x,y]∈E(Tn+1). It is easily
seen, that Gn is an (n,2)c-graph.
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All vertices of the graph Gn in this example have infinite degree. There-
fore, it is not possible to construct an infinite (n,3)c-graph in this way, as
the following lemma shows.

Lemma 3.9. Every (n,3)c-graph is locally finite.

Proof. Let G be an infinite (n,3)c-graph and x∈G. Of course, there is a
smallest separating set T ′ of G containing x. The union of n openly disjoint
t, t′-path in G for every t 
= t′ from T provides a finite G′⊆G containing T
such that κ(t, t′;G′)≥n holds for all t 
= t′ from T . Let us suppose that dG(x)
is infinite. Then there is a y1 ∈NG(x)−V (G′). Let C1 ∈ C(G−T ) contain
y1. There are a C2 
=C1 in C(G−T ) and a y2 ∈NG(x)∩C2. Since G is an
(n,3)c-graph, there is a smallest separating set T ′ ⊇ {y1,x,y2} in G. Since
NG(yi)⊆V (Ci)∪T for i=1,2, every component C ′ of G−T ′ has C ′∩T 
=∅.
So we get the contradiction, that T ′ ∩G′ with |T ′ ∩G′| < n separates two
vertices of T in G′.

But one can construct infinite (n,3)c-graphs for all n large enough, anal-
ogous to Proposition 3.7.

Proposition 3.10. There are infinite (n,3)c-graphs for n = 12,15,16 and
all n≥18.
Proof. We apply again Lemmas 3.5 and 3.6 for H=K4, but now for infinite
G. It is no problem to find infinite, k-regular, k-connected graphs for every
integer k ≥ 3, which have a k′-factor for every non-negative integer k′ ≤ k.
We will give an easy example.
Let Kk,k be the complete bipartite graph on independent vertex sets

{a1, . . . ,ak} and {ak+1, . . . ,a2k}, and define D :=Kk,k −{[ai,ak+i] : i∈Nk}.
Let Dx be disjoint copies of D for x∈P∞, where ax

i ∈Dx corresponds to ai

for i=1, . . . ,2k. Let us number the vertices xi(i∈Z) of P∞ along P∞ and
let Gk arise from

⋃
x∈P∞

Dx by addition of all edges {[axi
j ,a

xi+1

k+j ] : i ∈ Z and

j ∈Nk}. It is easily checked that the k-regular graph Gk is k-connected for
k≥3, and it has obviously a k′-factor for every non-negative integer k′≤k.
The existence of infinite (n,3)c-graphs follows now in the same way and

for the same values n as in Proposition 3.7.

Notice that the graphs G contsructed in Proposition 3.10 (in the same
way as those of Proposition 3.7) have the stronger property that the connec-
tivity number decreases by at least 3 deleting any vertex set S with |S|>=3
and G(S) connected.
There are again many other possibilities to construct infinite (n,3)c-

graphs using Lemmas 3.5 and 3.6 for most of the above values n. But we can
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also take the k-regular tree Tk for any k≥2 as G in Lemma 3.6, a k′-factor F
of Tk for any k′≤k, and an H as in Lemma 3.6, but with |H|≥(k+1)n+k′.
Then it is checked in a similar (but somewhat easier) way that Tk�H�F is
((k+1)n+ k′)-connected. Again, I could not decide for other values n≥ 6
than in Proposition 3.10, if there are infinite (n,3)c-graphs, but I intend to
believe that n=12 is the least n for which some exist.
Let us now consider the values n<6. In Example 3.8, we have constructed

infinite (n,2)c-graphs for all n≥2, and, obviously, there are infinite (n,1)c-
graphs for all n≥1. But we will show in the following that Corollary 3.2 is
true without the assumption ”finite” for all k≥3. In particular, this implies
that there are no infinite (n,3)c-graphs for n < 6. We need some further
lemmata.

Lemma 3.11. Let z be a vertex of finite degree in the graph G of connec-
tivity number n, and assume that for every [z,x]∈EG(z), there is a smallest
separating set T of G with {x,z}⊆T . Then there is a fragment F at z with
|F |≤ n−1

2 .

Proof. Let a fragment F0 of G′ :=G−z be chosen in the following way: If G′

has finite fragments, let F0 be an atom of G′. If G′ has no finite fragments,
choose F0 with |F0∩NG(z)|=min{|F ∩NG(z)| :F fragment of G′}. We will
prove |F0|≤ n−1

2 . Since the proof runs as usual, we will be brief.
F0 is also a fragment of G at z, since κ(G′)=n−1 by assumption on z.

Hence, there are an x∈NG(z)∩F0 and by assumption, a smallest separating
set T of G with {x,z} ⊆ T . Let F denote any T -fragment of G and set
T0 := NG(F0). If F0 ∩F 
= ∅ and F 0 ∩F 
= ∅, Lemma 1.1(a) implies that
F0∩F is a fragment of G′. But, obviously, V (F0∩F )⊆V (F0−x) and, hence,
|NG(z)∩F0∩F |< |NG(z)∩F0|. In any case, this contradicts the definition of
F0. So we conclude that V (F0)⊆T or V (F 0)⊆T or there is a T -fragment F
with V (F )⊆T0. So F0 is finite, hence an atom of G′ and we get |F0|≤ n−1

2
by Lemma 1.1(b).

Lemma 3.12. Let G be an infinite graph with κ(G)=n which has a finite
fragment. Then there is a finite E0⊆E(G) with κ(G−E0)=δ(G−E0)=n.

Proof. Consider E0 := {E′ ⊆ E(G) : E′ finite and κ(G−E′) = n}. Define
f0 :=min{||F ′||+|EG−E′(F ′)| : F ′ fragment of G−E′ for E′∈E0} and choose
an E0∈E0 and a fragment F0 of G0 :=G−E0 such that ||F0||+|EG0(F0)|=f0,
and set T0 :=NG0(F0). If |F0|=1,E0 has the wanted property. So we assume
|F0|>1. Then F0 is connected, |NG0(t)∩F0|≥2 for all t∈T0, and δ(G0)>n.
Hence, there is a circuit C in G0(V (F0)∪{t}) for t∈T0 
=∅. Since δ(G0)>n,
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there is an e∈E(C) with κ(G0−e)=n by (1-2). But then E0∪{e}∈E0 and
F ′ :=F0−e is a fragment of G′ :=G−(E0∪{e}) with ||F ′||+ |EG′(F ′)|<f0,
a contradiction to the definition of f0.

Proposition 3.13. If G is an (n,k)c-graph with k≥3 and k> n
2 , then G is

isomorphic to Kn+1.

Proof. Suppose |G|≥n+2. Then G is infinite by Corollary 3.2, but locally
finite by Lemma 3.9. Since k≥3,G is contraction-critical, hence, G has finite
fragments by Lemma 3.11. Therefore, Lemma 3.12 provides the existence
of an E0 ⊆ E(G) with κ(G − E0) = n such that there is a z ∈ G with
dG−E0(z)=n. Of course, G−E0 is also (n,k)c-critical. Now we can continue
as in Corollary 3.2 to complete the proof.

I have not found an infinite (n,4)c-graph for any n, and I conjecture there
is none. But I could only show that there are no infinite (n,k)c-graphs for
k≥7.

Proposition 3.14. Every (n,7)c-graph G is finite, has diameter at most 4,
and |G|<4n4.

Proof. Let G 
∼=Kn+1 be an (n,7)c- graph, in particular, n≥7. Choose a path
P�⊆G with 1≤5≤5, say, an x,y-path. Since G is locally finite by Lemma 3.9
and 7-con-critical, we can apply Lemma 3.11 to G′ :=G−V (P−y) and y. So
we find a fragment F of G′ at y with |F |≤ n−�−1

2 , since κ(G′)=n−5. Since
F is also a fragment of G, there are x′∈NG(x)∩F and y′∈NG(y)∩F . Since
|F |≤ n−2

2 , we have NG(x′)∩NG(y′) 
=∅, and there is an x,y-path of length
at most 4 in G. So G has diameter at most 4 and d( 3n−4

2
)(x,y) ≤ n

2 , since
there is an x,y-path of length at most |F |+1 ”through F”. Therefore, G
is finite by Lemma 2.2. If we choose x with d(x)< 3n

2 , Lemma 2.2 provides
also a bound for |G| by a function in n, but a very bad one. We will get a
better one in the next paragraph.
We may assume G n-minimal. Then there is an x ∈ G of degree n by

Lemma 2.1. Consider any y∈G. Since G has diameter at most 4, there is an
x,y-path P of length at most 4 in G. We will even show d( 3n−7

2
)(x,y)≤4.

There is a connectedW ⊆G with P ⊆W and |W |=5. Set G1 :=G−V (W )
and consider an atom A1 of G1. Since G is (n,7)c-critical, κ(G1)=n−5 holds
and A1 is a fragment of G, say, a T1-fragment with T1⊇V (W ). Then there
are x1∈NG(x)∩A1 and y1∈NG(y)∩A1. Since G(W∪y1) is connected, there
is a smallest separating set T ′ of G with T ′⊇V (W )∪{y1}, and for every such
set T ′,V (A1)⊆T ′ and |A1|≤ n−|T1∩T ′|

2 ≤ n−5
2 holds by Lemma 1.1(b). Then
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G2 :=G− (V (W )∪V (A1)) has κ(G2) = n−|A1|−5. Let A2 be an atom of
G2. Since A2 is also a fragment of G1 and G, we have a2 := |A2|≥|A1|=:a1,
since A1is an atom of G1, and |T2|=n and T2⊇V (W )∪V (A1) holds for T2=
NG(A2). In particular, there is a y2∈NG(y1)∩A2. Since G(V (W )∪{y1,y2})
is connected and has 7 vertices, there is a smallest separating T of G with
T ⊇ V (W )∪{y1,y2}. Then Lemma 1.1(b) implies V (A1)⊆ T , since y1 ∈ T ,
and, furthermore, |A2|≤ n−5−|A1|

2 , since y2∈T and A2 is an atom of G2. If
A2∩A1 
=∅, then |A2∩T1|≥a1 by Lemma 1.1(a). Since a2≥a1, so |A2∩T1|≥a1

in any case, since A2∩A1=∅. But this implies NG(x1)∩NG(y1)∩(A1∪A2) 
=∅,
since otherwise we had 2n+2≤|N(x1)|+|N (y1)|≤2(n−|A2∩T1|)+|A1|+|A2∩
T1| ≤ 2n. Hence there is an x,y-path of length at most 4 with all interior
vertices in A1 ∪A2. This proves d( 3n−7

2
)(x,y) ≤ 4 and Lemma 2.2 implies

|G|≤1+n
( 3n−9

2
)4−1

3n−11
2

<n(3n−7
2 )3.

Proposition 3.14 says that every n-connected graph G of sufficiently large
order contains a connectedW ⊆G with |W |=7 such that κ(G−V (W ))≥n−6
holds. This could be a hint that the following is true.

Conjecture 3.15. There are a function f :N×N→N and an integer d so
that for all (n,k) ∈ N×N, every n-connected graph G with |G| ≥ f(n,k)
contains a connected W ⊆G with |W |= k such that κ(G−V (W ))≥ n−d
holds.

Proposition 3.7 shows d≥3, if it exists. I should conjecture that d is the
smallest integer k for which only finitely many (n,k+1)c-graphs exist for
every n.

References
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Added in proof. In the meantime, I have succeeded in proving both the
conjectures stated in the paragraphs before Proposition 3.14 and Exam-
ple 3.8: every (n,4)c-graph is finite, and for every n, there is only a finite num-
ber of (n,4)c-graphs. This paper ”On k-con-critically n-connected graphs”
has appeared in the Journal of Combinatorial Theory (B) 86 (2002).
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